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Abstrat
We onstruted the representation of ontextual probabilisti dy-
namis in the omplex Hilbert spae. Thus dynamis of the wave
funtion an be onsidered as Hilbert spae projetions of realisti dy-
namis in a prespae. The basi ondition for representing of the
prespae-dynamis is the law of statistial onservation of energy 
onservation of probabilities. Constrution of the dynamial represen-
tation is an important step in the development of ontextual statistial
viewpoint to quantum proesses. But the ontextual statistial model
is essentially more general than the quantum one. Therefore in gen-
eral the Hilbert spae projetion of the prespae dynamis an be
nonlinear and even irreversible (but it is always unitary). There were
found onditions of linearity and reversibility of the Hilbert spae dy-
namial projetion. We also found onditions for the onventional
Shrödinger dynamis (inluding time-dependent Hamiltonians). We
remark that in general even the Shrödinger dynamis is based just on
the statistial onservation of energy; for individual systems the law
of onservation of energy an be violated (at least in our theoretial
model).
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1 Introdution
In a series of papers [1℄-[3℄ there was demonstrated that by using a so
alled ontextual approah to lassial probabilities we an onstrut
a representation of the onventional measure-theoretial probabilisti
model in a omplex Hilbert.
1
This representation is based on an inter-
ferene generalization of the well known formula of total probability
[4℄. In quantum physis this generalization is known as the formula
of interferene of probabilities. In the opposite to the onventional
quantum theory, we obtain interferene of probabilities in the lassial
(but ontextual) probabilisti framework, i.e., without to appeal to the
Hilbert spae formalism. Starting with the interferene formula of total
probability we represent some lass of ontexts (so alled trigonometri
ontexts) by probabilisti omplex amplitudes and the famous Born's
rule takes plae. In the abstrat form this representation oinides
with the onventional quantum (Hilbert spae) representation. Our
representation is based on a pair of realisti variables (Kolmogorovian
random variables) a and b; so alled referene observables. These real-
isti observables are naturally represented by self-adjoint operators aˆ, bˆ
in the omplex Hilbert spae. It is amazing that these operators orre-
sponding to ordinary random variables do not ommute. Of ourse, the
referene random variables should be hosen in a speial way. They
should be inompatible. But inompatibility of random variables is
dened in lassial probabilisti (measure-theoretial) terms.
We remark that not all ontexts an be represented by omplex
probabilisti amplitudes. For example, there exist ontexts induing
so alled hyperboli interferene of probabilities. Suh ontexts are
represented by probabilisti amplitudes whih take values in the two
dimensional Cliord algebra (algebra of hyperboli numbers), see [1℄
[3℄.
So in our approah there exists prequantum reality whih an be
desribed by using the lassial (ontextual) probability theory. A part
of this reality an be represented in the quantum-like way (or one an
say: projeted on the omplex Hilbert spae). There are many ways to
represent the prequantum probabilisti model in the omplex Hilbert
spae. Every representation is based on a pair of observables. And
that is the point! In opposition to ommon onsiderations, see, e.g.,
1
Here ontext is a omplex of physial onditions. The ontextual approah is based
on just one postulate: all probabilities depend on omplexes of physial onditions. It is
meaningless to speak about probability without to speify a ontext.
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J. von Neumann [5℄, in our model only two speial observables are
realisti. Therefore there are no problems with no-go theorems: von
Neumann, Kohen-Speker, Bell,...
In this paper on the basis of results of [1℄-[3℄ we onsider the rep-
resentation in the omplex Hilbert spae of realisti dynamis for the
referene variables. The basi assumption for the existene of suh a
representation is the validity of the law of onservation of probabilities
for one of the referene observables, e.g., a. In partiular, we an on-
sider a as the energy variable and b as the position variable. However,
in general our sheme of representation is more general and it an be
applied to all physial quantities with onservation of probabilities.
We emphasize that we do not assume onservation of these quanti-
ties (e.g., the energy) for individual systems. In partiular, the law of
onservation of energy an be violated for some prequantum realisti
dynamis (so we should distinguish the laws of statistial onservation
of energy and individual onservation of energy).
Another unexpeted feature of our model is that dynamis in the
omplex Hilbert spae (representing prequantum realisti dynamis)
an be nonlinear. We found onditions of linearity of the Hilbert spae
image of a prequantum dynamis. We remark that the Hilbert spae
dynamis is always unitary (both in the linear and nonlinear ases).
We also emphasize that in general the Hilbert spae image of pre-
quantum dynamis an be irreversible. We found onditions of re-
versibility. Finally, we found onditions whih indue the onven-
tional Shrödinger dynamis: linear reversible unitary dynamis. The
Shrödinger dynamis is haraterized through dynamis of the inter-
ferene oeient (oeient of statistial disturbane) whih appears
in the interferene formula of total probability. Dynamis of this o-
eient should be desribed by the dierential equation for harmoni
osillator.
2 Contextual viewpoint to lassial prob-
ability and interferene of probabilities
In this setion we repeat the main points of ontextual measure-theoretial
approah to interferene of probabilities, see [1℄[3℄ for details.
Let (Ω,F ,P) be a Kolmogorov probability spae.2 By the stan-
2
This is a measure-theoretial model. Here Ω is an arbitrary set, F is a σ-eld of
3
dard Kolmogorov axiomatis sets A ∈ F represent events. In our
simplest model of ontextual probability (whih an be alled the Kol-
mogorov ontextual model) the same system of sets F is used to rep-
resent omplexes of experimental physial onditions  ontexts. The
onditional probability is mathematially dened by the Bayes' for-
mula: P(A/C) = P(AC)/P(C),P(C) 6= 0. In our ontextual model
this probability has the meaning of the probability of ourrene of
the event A under the omplex of physial onditions C.
Let a = a1, ..., an and b = b1, ..., bn be disrete random variables.
Then the lassial formula of total probability holds, see, e.g., [4℄:
P(b = bi/C) =
∑
n
P(a = an/C)P(b = bi/a = an, C) . (1)
We remark that sets (belonging to F) :
Bx = {ω ∈ Ω : b(ω) = x} and Ay = {ω ∈ Ω : a(ω) = y} (2)
have two dierent interpretations. On the one hand, these sets rep-
resent events orresponding to ourrene of the values b = x and
a = y, respetively. On the other hand, they represent ontexts (om-
plexes of physial onditions) orresponding to seletions of physial
systems with respet to values b = x and a = y, respetively. The
main problem with the formula of total probability is that in general
it is impossible to onstrut a ontext AyC" orresponding to a sele-
tion with respet to the value a = y whih would not disturb systems
prepared by the ontext C : only in the absene of disturbanes in-
dued by measurements we an use the set theoretial operation of
intersetion. I would like to modify the formula of total probability
by eliminating from onsideration sets AyC" whih in general do not
represent physially realizable ontexts.
A set C belonging to F is said to be a non degenerate ontext with
respet to the a-variable if P(AyC) 6= 0 for all y. We denote the set of
suh ontexts by the symbol Ca,nd. Let a, b be two random variables.
They are said to be inompatible if P(BxAy) 6= 0 for all their values x
and y. Thus a and b are inompatible i every Bx is a non degenerate
ontext with respet to a, Bx ∈ Ca,nd, and vie versa
subsets of Ω and P is a normalized ountably additive measure on F taking values in
[0, 1] (Kolmogorov probability). Physial observables are represented by random variables
 (measurable) funtions on Ω.
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We shall onsider the ase of inompatible dihotomous random
variables a = a1, a2, b = b1, b2. We set
Y = {a1, a2},X = {b1, b2}
(spetra of random variables a and b). In [1℄[3℄ there was proved
the following interferene formula of total probability (generalizing the
lassial formula of total probability).
P(b = x/C) =
2∑
j=1
P(a = aj/C)P(B/a = aj)
+2λ(b = x/a,C)
√√√√ 2∏
j=1
P(a = aj/C)P(b = x/a = aj),
where λ(b = x/a,C)
=
P(/C) −∑2j=1P(b = x/a = aj)P(a = aj/C)
2
√
P(a = a1/C)P(b = x/a1)P(a = a2/C)P(b = x/a = a2)
To obtain this formula, we put the expression for λ into the sum and
obtain identity. In fat, this formula is just a representation of the
probability P(b = x/C) in a speial way. The λ(b = x/a,C) was
alled the oeients of statistial disturbane [1℄[3℄ or the oeient
of inompatibility of observables a and b.
Suppose that, for every x ∈ X, |λ(b = x/a,C)| ≤ 1 . In this ase we
an introdue new statistial parameters θ(b = x/a,C) ∈ [0, 2π] and
represent the oeients of statistial disturbane in the trigonometri
form: λ(b = x/a,C) = cos θ(b = x/a,C). Parameters θ(b = x/a,C)
are alled relative phases of the events Bx = {ω ∈ Ω : b(ω) = x} with
respet to the observable a (in the ontext C); or simply probabilis-
ti phases. We remark that in general there is no geometry behind
these phases; these are purely probabilisti parameters. By using the
trigonometri representation of the oeients λ we obtain the well
known formula of interferene of probabilities whih is typially de-
rived by using the Hilbert spae formalism.
3
3
If both oeients λ are larger than one, we an represent them as λ(b = x/a, C) =
± cosh θ(b = x/a, C) and obtain the formula of hyperboli interferene of probabilities, see
[1℄[3℄; there an also be found models with the mixed hyper-trigonometri behaviour, see
[1℄[3℄.
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3 Representation of the ontextual las-
sial probabilisti model in the Hilbert
spae
We reall that we onsider the ase of inompatible dihotomous ran-
dom variables a = a1, a2, b = b1, b2. This pair of variables will be
xed. We all suh variables referene variables. For eah pair
a, b of referene variables we onstrut a representation of the ontex-
tual Kolmogorov model in the Hilbert spae (quantum-like represen-
tation). In this paper we shall be interested only in the representation
of trigonometri ontexts:
Ctr = {C ∈ Ca,nd : |λ(b = x/a, c)| ≤ 1, x ∈ X}
Of ourse, the system Ctr depends on the hoie of a pair of referene
observables, Ctr ≡ Ctrb/a We set paC(y) = P(a = y/C), pbC(x) = P(b =
x/C), p(x/y) = P(b = x/a = y), x ∈ X, y ∈ Y. Let C ∈ Ctr. The
interferene formula of total probability an be written in the following
form:
pbc(x) =
∑
y∈Y
paC(y)p(x/y) + 2 cos θC(x)
√
Πy∈Y paC(y)p(x/y) , (3)
where θC(x) = θ(b = x/a,C) = ± arccos λ(b = x/a,C), x ∈ X. By
using the elementary formula:
D = A+B + 2
√
AB cos θ = |
√
A+ eiθ
√
B|2, (4)
for A,B > 0, θ ∈ [0, 2π], we an represent the probability pbC(x) as the
square of the omplex amplitude (Born's rule):
pbC(x) = |ϕC(x)|2, (5)
where a omplex probability amplitude is dened (through (3) and
(4)) by
ϕ(x) ≡ ϕC(x) =
√
paC(a1)p(x/a1) + e
iθC(x)
√
paC(a2)p(x/a2) . (6)
We denote the spae of funtions: ϕ : X → C by the symbol Φ =
Φ(X,C). Sine X = {b1, b2}, the Φ is the two dimensional omplex
linear spae. By using the representation (6) we onstrut the map
Jb/a : C → Φ(X,C) (7)
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The Jb/a maps ontexts (omplexes of, e.g., physial onditions) into
omplex amplitudes. The representation (5) of probability is nothing
other than the famous Born rule. The omplex amplitude ϕC(x)
an be alled a wave funtion of the omplex of physial onditions,
ontext C or a (pure) state. 4 We set ebx(·) = δ(x−·). The Born's rule
for omplex amplitudes (5) an be rewritten in the following form:
pbC(x) = |(ϕC , ebx)|2 , (8)
where the salar produt in the spae Φ(X,C) is dened by the stan-
dard formula: (ϕ,ψ) =
∑
x∈X ϕ(x)ψ¯(x). The system of funtions
{ebx}x∈X is an orthonormal basis in the Hilbert spae H = (Φ, (·, ·))
Let X ⊂ R. By using the Hilbert spae representation (8) of the
Born's rule we obtain the Hilbert spae representation of the expeta-
tion of the (Kolmogorovian) random variable b:
E(b/C) =
∑
x∈X
x|ϕC(x)|2 =
∑
x∈X
x(ϕC , e
b
x)(ϕC , e
b
x) = (bˆϕC , ϕC) , (9)
where the (self-adjoint) operator bˆ : E → E is determined by its
eigenvetors: bˆebx = xe
b
x, x ∈ X. This is the multipliation operator
in the spae of omplex funtions Φ(X,C) : bˆϕ(x) = xϕ(x) By (9)
the onditional expetation of the Kolmogorovian random variable b is
represented with the aid of the self-adjoint operator bˆ. Therefore it is
natural to represent this random variable (in the Hilbert spae model)
by the operator bˆ. We would like to have Born's rule not only for the
b-variable, but also for the a-variable:
paC(y) = |(ϕ, eay)|2 , y ∈ Y. (10)
How an we dene the basis {eay} orresponding to the a-observable?
Suh a basis an be found starting with interferene of probabilities.
We set uaj =
√
paC(aj), u
b
j =
√
pbC(bj), pij = p(bj/ai), uij =
√
pij, θj =
θC(bj). We have:
ϕC = v
b
1e
b
1 + v
b
2e
b
2, where v
b
j = u
a
1u1j + u
a
2u2je
iθj .
Hene
pbC(bj) = |vbj |2 = |ua1u1j + ua2u2jeiθj |2. (11)
4
We underline that the omplex linear spae representation (6) of the set of ontexts C is
based on a pair (a, b) of inompatible (Kolmogorovian) random variables. Here ϕC = ϕ
b/a
C .
We all random variables a, b referene variables.
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This is the interferene representation of probabilities that is used, e.g.,
in quantum formalism.
For any ontext C, we an represent the orresponding wave fun-
tion ϕ = ϕC in the form:
ϕ = ua1e
a
1 + u
a
2e
a
2, (12)
where
ea1 = (u11, u12), e
a
2 = (e
iθ1u21, e
iθ2u22) (13)
We onsider the matrix of transition probabilities P
b/a = (pij). It is
always a stohasti matrix: pi1 + pi2 = 1, i = 1, 2). We remind that
a matrix is alled double stohasti if it is stohasti and, moreover,
p1j + p2j = 1, j = 1, 2. The system {eai } of vetors orresponding to
the a-observable is an orthonormal basis (and so the Born's rule holds
true, see [3℄ for the details) i the matrix P
b/a
is double stohasti and
probabilisti phases satisfy the onstraint:
θ2 − θ1 = π mod 2π. (14)
Theorem. [3℄ We an onstrut the quantum-like (Hilbert spae)
representation of a ontextual Kolmogorov spae suh that the Born's
rule holds true for both referene variables i the matrix of transition
probabilities P
b/a
is double stohasti.
It will be always supposed that the Pb/a is double stohasti.
In this ase the a-observable is represented by the operator aˆ whih
is diagonal (with eigenvalues ai) in the basis {eai }. The Kolmogorovian
onditional average of the random variable a oinides with the quan-
tum Hilbert spae average:
E(a/C) =
∑
y∈Y
ypaC(y) = (aˆφC , φC), C ∈ Ctr.
4 Representation of ontextual proba-
bilisti dynamis in the omplex Hilbert
spae
Let us assume that the referene observables a and b evolve with time:
a = a(t, ω), b = b(t, ω).
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To simplify onsiderations, we onsider evolutions whih do not hange
ranges of values of the referene observables: Y = {a1, a2} and X =
{b1, b2} do not depend on time. Thus, for any t, a(t, ω) ∈ Y and
b = b(t, ω) ∈ X. These are random walks with two-points state spaes
Y and X. Sine our main aim is the ontextual probabilisti realisti
reonstrution of QM, we should restrit our onsiderations to evo-
lutions with the trigonometri interferene. We proeed under the
following assumption:
(CTRB) (Conservation of trigonometri behavior) The set of
trigonometri ontexts does not depend on time: Ctra(t)/b(t) = Ctra(t0)/b(t0).
By (CTB) if a ontext C ∈ Ctra(t0)/b(t0), i.e., at the initial instant of
time the oeients of statistial disturbane |λ(b(t0) = x/a(t0), C)| ≤
1, then the oeients λ(b(t) = x/a(t), C) will always utuate in the
segment [0, 1]. 5
For eah instant of time t, we an use the formalism of ontextual
quantization, see (6): a ontext C an be represented by a omplex
probability amplitude:
ϕ(t, x) ≡ ϕb(t)/a(t)C (x)
=
√
p
a(t)
C (a1)p
b(t)/a(t)(x/a1) + e
iθ
b(t)/a(t)
C (x)
√
p
a(t)
C (a2)p
b(t)/a(t)(x/a2).
We remark that the observable a(t) is represented by the self-adjoint
operator aˆ(t) dened by its with eigenvetors:
ea1(t) =
( √
p(t; b1/a1)√
p(t; b2/a1)
)
, ea2(t) = e
iθC(t)
( √
p(t; b1/a2)
−
√
p(t; b2/a1)
)
,
where
p(t;x/y) = pb(t)/a(t)(x/y), θC(t) = θ
b(t)/a(t)
C (b1)
and where we set eaj (t) ≡ ea(t)j .We reall that θb(t)/a(t)C (b2) = θb(t)/a(t)C (b1)+
π, sine the matrix of transition probabilities is assumed to be double
stohasti for all instanes of time.
5
Of ourse, there an be onsidered more general dynamis in whih the trigonometri
probabilisti behaviour an be transformed into the hyperboli one and vie versa. But we
shall not try to study the most general dynamis. Our aim is to show that the onventional
Shrödinger dynamis an be easily found among ontextual dynamis in the omplex
Hilbert spae.
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We shall desribe dynamis of the wave funtion ϕ(t, x) starting
with following assumptions (CP) and (CTP). Then these assump-
tions will be ompleted by the set (a)-(b) of mathematial assumptions
whih will imply the onventional Shrödinger evolution.
(CP)(Conservation of a-probabilities) The probability distribution
of the a-observable is preserved in proess of evolution:
p
a(t)
C (y) = p
a(t0)
C (y), y ∈ Y, (15)
for any ontext C ∈ Ctra(t0)/b(t0). This statistial onservation of the
a-quantity will have very important dynamial onsequenes. We also
assume that the law of onservation of transition probabilities holds:
(CTP) (Conservation of transition probabilities) Probabilities p(t;x/y)
are onserved in the proess of evolution:
p(t;x/y) = p(t0;x/y) ≡ p(x/y). (16)
Under the latter assumption we have:
ea1(t) ≡ ea1(t0), ea2(t) = ei[θC(t)−θC (t0)]ea2(t0). (17)
Remark 4.1. If the a(t)-basis evolves aording to (17), then
aˆ(t) = aˆ(t0) = aˆ. Hene the whole stohasti proess a(t, ω) is repre-
sented by one xed self-adjoint operator. We emphasize that random
variables a(t1, ω) and a(t2, ω), t1 6= t2, an dier essentially as fun-
tions of the random parameter ω. Nevertheless, they are represented
by the same quantum operator.
Thus under assumptions (CTRB), (CP) and (CTP) we have:
ϕ(t) = ua1e
a
1(t) + u
a
2e
a
2(t) = u
a
1e
a
1(t0) + e
iξC(t,t0)ua2e
a
2(t0),
where uaj =
√
p
a(t0)
C (aj), j = 1, 2, and
ξC(t, t0) = θC(t)− θC(t0).
Let us onsider the unitary operator Uˆ(t, t0) : H → H dened by
this transformation of basis: ea(t0) → ea(t). In the basis ea(t0) =
{ea1(t0), ea2(t0)} the Uˆ(t, t0) an be represented by the matrix:
Uˆ(t, t0) =
(
1 0
0 eiξC(t,t0)
)
.
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We obtained the following dynamis in the Hilbert spae H:
ϕ(t) = Uˆ(t, t0)ϕ(t0) (18)
This dynamis looks very similar to the Shrödinger dynamis in the
Hilbert spae. However, the dynamis (18) is essentially more general
than Shrödinger's dynamis. In fat, the unitary operator Uˆ(t, t0) =
Uˆ(t, t0, C) depends on the ontext C, i.e., on the initial state ϕ(t0) :
Uˆ(t, t0) ≡ Uˆ(t, t0, ϕ(t0)). So, in fat, we derived the following dynam-
ial equation:
ϕ(t) = Uˆ(t, t0, ϕ0)ϕ0, (19)
where, for any ϕ0, Uˆ(t, t0, ϕ0) is a family of unitary operators.
The onditions (CTRB), (CP) and (CTP) are natural from the
physial viewpoint (if the a-observable is onsidered as an analog of
energy, see further onsiderations). But these onditions do not imply
that the Hilbert spae image of the ontextual realisti dynamis is a
linear unitary dynamis.
In general the Hilbert spae projetion of the realisti prequantum
dynamis is nonlinear.
To obtain a linear dynamis, we should make the following assump-
tion:
(CI) (Context independene of the inrement of the probabilisti
phase) The ξC(t, t0) = θC(t)− θC(t0) does not depend on C.
Under this assumption the unitary operator Uˆ(t, t0) does not de-
pend on C.
Uˆ(t, t0) =
(
1 0
0 eiξ(t,t0)
)
. (20)
Thus the equation (18) is the equation of the linear unitary evolution.
The main problem in these onsiderations is to nd a physial basis
of the ondition (CI): the inrement of statistial disturbane should
be the same for all ontexts, see setion 5 for the detailed analysis.
The linear unitary evolution (18) is still essentially more general than
the onventional Shrödinger dynamis. To obtain the Shrödinger
evolution, we need a few standard mathematial assumptions:
(a). Dynamis is ontinuous: the map (t, t0)→ Uˆ(t, t0) is ontinu-
ous.
6
6
We reall that there is onsidered the nite dimensional ase. Thus there is no problem
of the hoie of topology.
11
(b). Dynamis is deterministi.
(). Dynamis is invariant with respet to time-shifts; Uˆ(t, t0) de-
pends only on t− t0 : Uˆ(t, t0) ≡ Uˆ(t− t0).
The assumption of determinism an be desribed by the following
relation:
φ(t; t0, φ0) = φ(t; t1, φ(t1; t0, φ0)), t0 ≤ t1 ≤ t,
where φ(t; t0, φ0) = Uˆ(t, t0)φ0.
It is well known that under the assumptions (a), (b), () the family
of (linear) unitary operators Uˆ(t, t0) orresponds to the one parametri
group of unitary operators:
Uˆ(t) = e−
i
h
Hˆt, (21)
where Hˆ : H → H is a self-adjoint operator. Here h > 0 is a saling
fator (e.g., the Plank onstant). We have:
Hˆ =
(
0 0
0 E
)
, (22)
where
E = −h
[θC(t)− θC(t0)
t− t0
]
.
Hene the Shrödinger evolution in the omplex Hilbert spae orre-
sponds to the ontextual probabilisti dynamis with the linear evolu-
tion of the probabilisti phase:
θC(t) = θC(t0)− E
h
(t− t0). (23)
Let us onsider a stohasti proess (resaling of the proess a(t, ω)) :
H(t, ω) =
{
0, a(t, ω) = a1
E, a(t, ω) = a2.
(24)
Sine the probability distributions of the proesses a(t, ω)) and H(t, ω)
oinide (up to resaling of ranges of values), we have
p
H(t)
C (0) = p
a(t)
C (a1) ≡ pa(t0)C (a1) = pH(t0)C (0) (25)
p
H(t)
C (E) = p
a(t)
C (a2) ≡ pa(t0)C (a2) = pH(t0)C (E). (26)
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If E > 0 we an interpret H(t, ω) as the energy observable and the
operator Hˆ as its Hilbert spae image. We emphasize, see Remark 4.1,
that the whole energy proess H(t, ω) is represented by a single self-
adjoint nonnegative operator Hˆ in the Hilbert spae. This operator,
quantum Hamiltonian, is the Hilbert spae projetion of the energy
proess whih is dened on the prespae Ω, see [3℄. In priniple,
random variables H(t1, ω),H(t2, ω), t1 6= t2, an be very dierent (as
funtions of ω). We have only the law of statistial onservation of
energy:
p
H(t)
C (z) ≡ pH(t0)C (z), z = 0, E. (27)
In general (depending on dynamis of the oeient of the statis-
tial disturbane) the eigenvalue E need not be positive. So in general
we have a dynamial equation orresponding to some statistially on-
served quantity, see, e.g., [℄ for details. Of ourse, the representation
(21) is equivalent to the Shrödinger equation:
ih
dUˆ
dt
(t) = HˆUˆ(t), Uˆ(0) = I,
where I is the unit operator.
5 Charaterization of Shrödinger dy-
namis through dynamis of the oe-
ients of statistial disturbane
We disuss here onsequenes of the ondition (CI) for the measurable
quantity, namely, the oeient of statistial disturbane:
λC(t) ≡ λ(b(t) = b1/a(t), C) = cos θC(t).
By (CI) we have θC(t)− θC(t0) = q(t, t0), where q does not depend on
C. Thus θ′C(t) = q
′(t, t0) ≡ f(t, t0) does not depend on C. We remark
that in priniple f(t, t0) an depend on t0, see Remark 5.2 for details.
Let us investigate an interesting speial ase:
(DT) The funtion f does not depend on t0.
Here f = f(t). Suppose that f(t) is a ontinuous funtion. Hene
θC(t) = θC(t0) +
∫ t
t0
f(s)ds and
λC(t) = cos[θC(t0) +
∫ t
t0
f(s)ds].
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We have the following dierential equation for the oeient λC(t) :
λ′C(t) = ±f(t)
√
1− λ2C(t). (28)
To nd the oeient of statistial disturbane (under above assump-
tions), one should solve the Cauhy problem for the dierential equa-
tion (28)with the initial ondition
λC(t0) = λ(b(t0) = b1/a(t0), C) ≡ cos θC(t0). (29)
In this ase the assumption (CI) an be written in the form of the
Cauhy problem (28), (29). The evolution family has the form:
Uˆ(t, t0) =
(
1 0
0 e
i
∫ t
t0
f(s)ds
)
. (30)
This evolution is ontinuous and deterministi. To prove that the on-
dition of determinism (b) holds, we use the additivity of integral. In
general suh evolutions are not invariant with respet to time-shifts;
they orrespond to Shrödinger evolutions with time dependent gen-
erators:
ih
dUˆ (t, t0)
dt
= Hˆ(t)Uˆ (t, t0), Uˆ(t0, t0) = I,
where
Hˆ(t) =
(
0 0
0 E(t)
)
, (31)
where E(t) = −hf(t). Let us onsider two very simple, but illustrative
examples.
Example 1. (Shrödinger dynamis) Let f(t) = −E/h = Const.
Then θC(t) = θ0 −E(t− t0)/h. Here
Uˆ(t) =
(
1 0
0 e−i
Et
h
)
.
This is the Shrödinger dynamis; so here the onditions (a)-() are
automatially satised. We remark that in this ase the oeient of
statistial disturbane satises the seond order dierential equation,
namely, the equation for harmoni osillations:
d2λ
dt2
(t) + ω2λ(t) = 0, (32)
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where ω = E/h. This is the diret onsequene of the representation
λ(t) = cos[θ0 − E(t− t0)/h]. Hene:
The Shrödinger dynamis is haraterized by the harmoni utu-
ations of the oeient of statistial disturbane.
Example 2. Let f(t) = −Et/h,E > 0. Here θC(t) = θC(t0) −
E(t2 − t20)/2h and
Uˆ(t, t0) =
(
1 0
0 e−iE(t
2−t20)/2h
)
.
This is a linear unitary deterministi and ontinuous dynamis, but it
is not invariant with respet to time-shifts. This is the Shrödinger
dynamis with time-dependent generator of evolution. The Hˆ(t) is
positively dened and it an be onsidered as time dependent Hamil-
tonian.
Remark 5.1. (Approximate reversibility of the Hilbert spae evo-
lution) If the funtion f = f(t, t0) depends nontrivially on t0, then the
evolution of the wave funtion is not deterministi. It is irreversible.
We remark that if determinism of the evolution of the probabilisti
phase is violated, then f(t, t0) nontrivially depends on t0 (and vie
versa). The violation of determinism for the phase evolution means
that θC(t) is not uniquely determined by θC(t0); so the following on-
dition of determinism:
θC(t; θC(t1; θC(t0))) = θC(t; θC(t0))
should be violated, t0 ≤ t1 ≤ t. Here θC(t; θC(t0)) is the probabilisti
phase at the instant of time t under the ondition that it was equal
to θC(t0) at the initial instant of time t0. We remark that reversible
Hilbert spae evolutions ould appear as approximations of irreversible
Hilbert spae evolutions. Suppose that
f(t, t0) = f(t) + ǫf1(t, t0),
where ǫ is negligibly small. Then by negleting terms of the ǫ-magnitude
we an approximately desribe the Hilbert spae evolution as reversible.
Of ourse, there should be hosen some sale. It is natural to use the
sale based on the Plank onstant h. Thus if ǫ << h, then the irre-
versible evolution
Uˆ(t, t0) =
(
1 0
0 e
i[
∫ t
t0
f(s)ds+ǫ
∫ t
t0
f1(t,t0)ds]
)
. (33)
15
an be approximately onsidered as the reversible evolution (21).
Remark 5.2. (Approximate linearity of the Hilbert spae evo-
lution) Arguments whih are similar to the arguments of the previ-
ous Remark an be applied to the problem of linearization of general
nonlinear dynamis in the omplex Hilbert spae. Let f = f(t) (so
dynamis is deterministi) and let f(t) be an analyti funtion:
f(t) =
∞∑
n=0
fnt
n ≡ f0 + f1(t).
Suppose that
ǫ = max
0≤t≤T
|f1(t)| << h.
If ǫ << h, then the Hilbert spae dynamis ould be approximately
onsidered as a linear dynamis.
We also an ombine arguments of both Remarks.
Conlusion. A ontextual realisti dynamis an be represented
(under assumptions (CTRB), (CP), and (CTP)) as a unitary dy-
namis in the omplex Hilbert spae. In general suh a dynamis is
nonlinear and irreversible. Dynamis is linear i the ondition (CI)
holds. The ontextual dynamis in the Hilbert spae is redued to the
onventional Shrödinger evolution under the additional assumptions
(a)-(). In partiular, the assumption (b) is implies reversibily. The
Shrödinger dynamis is the Hilbert spae projetion of the realisti dy-
namis with harmoni osillations, see (32), of the oeient of statis-
tial disturbane. It might be that the reversible and linear Shrödinger
dynamis is just an approximation of an irreversible and nonlinear
dynamis in the Hilbert spae.
The author of this paper was strongly inuened by investigations
on various aspets of the onditional probabilisti approah to quan-
tum mehanis; espeially important role was played by works [6℄[16℄;
some elements of models presented in these works were used in the pro-
ess of reation of the present ontextual statistial model.
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